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1. INTRODUCTION 
The problem of oscillation of second-order nonlinear difference equations is of particular interest; 
therefore, it is the subject of many investigations. For example, see [l-3]. It is an interesting 
problem to consider the oscillation of two-dimensional difference systems since several standard 
second-order difference equations such as 
A2xn-1 + ~-(GJ = ~,a, 
A’z,-i + ~~]z,]~signz, = T,, 
and 
A [G@Y~‘] + qn+lf(~n+l) = T, 
can be written in the two-dimensional systems. These motivate us to consider the following 
nonlinear two-dimensional difference system: 
Ax, = b&n), 
A’y, = -anf(xn) + T,, nEN(nO)={nO,nO+lr...}, 
(1) 
where no E N = {1,2,. . . }. An existence and uniqueness theorem for solutions of (1) is easily 
established. Indeed, given ~1 and ys, we can calculate 
“2 = 21 + hg(y1), Yl = Yo - kf(z1) + Tl, 23 = x2 + b2S(Y2)1.. . , 
Supported by the Foundation for University Key Teacher by Ministry of Education of China and the Science 
Foundation of Gansu University of Technology. 
0898-1221/03/$ - see front matter @ 2003 Elsevier Science Ltd. All rights reserved. Typeset by A@-Y&X 
PII: SO898-1221(03)00089-O 
1222 H.-F. Huo AND W.-T. LI 
successively in a unique manner. Throughout the paper, we will restrict our attention to only 
the solutions of system (1) that exist for n E N(no). As usual, a real sequence defined on N(no) 
is said to be oscillatory if it is neither eventually positive nor eventually negative, and it is said 
to be nonoscillatory otherwise. A solution { (zn, yn)} of system (1) will be called oscillatory if 
both components are oscillatory, and it will be called nonoscillatory otherwise. 
The special case of (l), when rn = 0, has been investigated by Graef and Thanpani [4], Li 
and Cheng [5], and Li [6]. S everal oscillation and nonoscillation criteria have been obtained by 
employing the inequality technique and fixed-point theorems. When r,(t) # 0, several oscillation 
criteria of (1) are obtained by Huo and Li [7]. In this paper, we further study oscillation of (1) 
and give several new oscillation results. In particular, our Theorem 3 also improves Theorem 1 
of Huo and Li [7] by dropping the condition that g(v) is a nondecreasing function. 
Throughout, we shall assume that 
(Hl) b, > 0 for all n E N(no) and neither sequence vanishes identically for n 2 no; 
032) Cz”=, 1r.J < 00; and 
(H3) f and g are continuous real valued functions on R with the sign property 
zlf(u) > 0 and ug(u) > 0, for all u # 0. 
2. MAIN RESULTS 
Before stating our main results, we need the following lemmas. 
LEMMA 1. (See [7, Lemma I].) Suppose {b,}rC1 has a positive subsequence {bni}. Then the 
component sequence {zn} of a nonoscillatory solution {(z,, yin)} of (1) is also nonoscillatory. 
LEMMA 2. (See [7, Lemma 21.) Suppose {(x,, yn)} is a solution of (1) with x, > 0 for n 1 no 2 1. 
Suppose further that there exists an integer m > no and a positive number p such that 
for n 1 m. Then 
Yn I -Pf(4, 
Now we give three oscillation theorems for (1). 
n 2 m. (3) 
THEOREM 1. Suppose that conditions (Hl)-(H3) hold. Suppose further that 
(i) a, 1 0 for all n E N( no an neither sequence vanishes identically for n 2 no; ) d 
(ii) there exist nonnegative functions fi and g1 such that f(u) - f(v) = ~~(u,v)(u - v), 
gpL-dgu(w) = gl(u, w)(u - ~1, ad sl(u, v) 1 c > 0, for u, w# 0; 
(iii) .I& m < 03 for every a! > 0; 
(iv) limn+a, B, = 00 and C,“==,, Brian = 03, where B, = Czzi, b,; and 
(v) C:*=, b-s&l < 00. 
Then every solution {(x,, yn)} of (1) either oscillates or lim infn+oo Ix,\ = 0. 
PROOF. Suppose that system (1) has a nonoscillatory solution {(x,, yn)}, for n E N(no) and 
liminf,,, /xnl > 0. Since {b,} has a positive subsequence in view of (iv), we infer from Lemma 1 
that {xcn} is nonoscillatory. Without loss of generality, we may assume that {x,} is eventually 
positive for n 2 no and either yn 5 0 or yn > 0 for n 1 no. 
Let us first consider the case yn 5 0 for n 2 no. The second equation in (1) and (H2) implies 
that {yn} is eventually decreasing. Since yn 5 0, it approaches either -co or a finite negative 
value as n + co. This, in view of (iv), implies that 
2 b,g(yn) = -cm. 
TX=710 
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Now, summing the first equation in (l), we have 
n-1 
which is a contradiction to the assumption that x, > 0 for all n 2 no. 
Next, consider the case where yn 2 0 for n 2 no. Define 
dYn-1) 
““;m* 
Then 
‘Aw,, = -gl(ynr in-1)~ - 
bJl(Xn+l7 4L12(Yn) 
f(~nMGz+l) 
Multiplying both sides of the last inequality by B,, summing it from ne to n - 1, and applying 
the summation by parts formula to the left-hand side, we obtain 
n-1 n-1 72-l 
Bnw, - 
r,& 
c ws+lbs I - c cB,a, + c -. 
.V=120 8=7&O szno f(xs) 
(4 
Since lim inf,,, xn > 0, there exist m 2 no and m 1, m2 > 0, such that 2, 2 ml, f(zn) 2 m2 
for n 1 m. Then it follows from (v) that 
(5) 
where ms is a finite positive constant. In view of (iv) and (5), the right-hand side of (4) tends 
to -00, while the first term on the left-hand side is positive. Thus, if we can show that the second 
term is bounded, then we have a contradiction, and our theorem will be proved. Using the first 
equation in (l), we see that 
n-1 
1 8g07&. 
ws+lb, = (6) 
.9=?Q s 
Observe that for 2, 5 t 5 x,+1, we have l/f(t) 2 l/f(xCn+r), and 
& > Axe, 
f(t) - fo’ 
From (6) and (7), we obtain 
n-1 
c ws+lbs I I 
In dt 
.9=7X0 I,() f(t) < O”. 
This completes the proof of the theorem. 
EXAMPLE 1. Consider the system 
Ax:, = (n - l)yn, 
Ay+i = - 
(n + l;(n - 1) xz + (-V+l n3(n + $zoZ)(n - 1)’ 
~EN(~o)={~o,~o$l,...}, no 2 3, 
where 
(7) 
K(n) = 4n’2 -2n11+n’o+ng+n8-n7-3n6-n5+2n4+2n3-4n2-n+2. 
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If we let 
%= (n+&-1)’ 
b, =n-1, g(u) = IL, and f(v) = v3, 
then all conditions of Theorem 1 are satisfied and hence every solution of the above system either 
is oscillatory or liminf,,, 1~7~~1 = 0 as n --) co. In fact, 
(-1P 
272 = 71.3’. Yn = 
(-l)n+l (n” + (n + 1)“) 
n3(n - l)(n + 1)3 
is such a solution. But the results of [7, Theorem l] are not applicable to the last equation 
since CF=“=, a, < 00. 
REMARK 1. Theorem 1 is discrete Atkinson’s theorem [8]. 
THEOREM 2. Suppose that conditions (Hl)-(H3) hold. Suppose further that 
(i) a, 1 0 for all n E N(no) and neither sequence vanishes identically for n 2 no; 
(ii) limn+m & = 00 and C,“=,, f&J a, = 00, where B, = Cr$ b,; 
(iii) f(uv) 2 f(u)f(v) for all ‘11 > 0, v > 1; 
(iv) J,‘” &J < 03 for all CY > 0; and 
(v) f and g are nondecreasing. 
Then the solution of (1) either oscillates or satisfies liminf,,, (ynj = 0. 
PROOF. Indeed, suppose {(zn, y,J} is a nonoscillatory solution of (1) and liminf,,, 1~~ 1 > 0. 
Since {b,} has a positive subsequence by (ii), we infer from Lemma 1 that {zn} is nonoscillatory. 
Without loss of generality, we may assume that x, _> 0 eventually. The case yn 5 0 can be 
handled exactly as it was in the proof of Theorem 1. 
We can thus assume that yn 2 0 for n 1 no. From system (l), we know that {x,} is increasing 
and {y,} is decreasing eventually by (HlO). Summing the first equation in (1) yields 
n-1 n-1 
x, = x,, + c b,g(ys) L c bsdyn-1) = B&/n-1). 
.?=710 s=7LlJ 
In view of (ii), B, 2 1 for all n large enough, we have 
f(xn) 2 f(Bn)f(dyn-1)). 
Using the second equation in (l), for all n large enough, we obtain 
Ayn-l = -a,f(x,) + r, 5 -anf(Bn)f(g(yn-1)) + rn 
and 
Ayn-l > aJ(BJ - 
f(dYn-1)) - 
Observe that for yn 5 t 5 ~~-1, we have f(g(yn-1)) 1 f(g(t)), and therefore, 
Hence, from (8) and (9), we obtain 
7X-l 
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Since liminf,,, 1~~1 > 0, there exist m 2 no and ml, m2 > 0, such that Y,, > ml, f(yn) >_ m2 
for n 2 m. Then it follows from (H2) that 
where ms is a finite positive constant. Then in view of (iv), (ii), and (lo), provide a contradiction. 
This completes the proof of the theorem. 
EXAMPLE 2. Consider the system 
Axe, = (n + 1)1/3yk’3, 
Ayn = ---!- x2’” $ (-1 y+l M(n) 
n(n + 1) n4(n + l)“(n. - 1)3’ 
n E N(n0) = {no, 720 + 1,. . . }, 
where 
M(n) = (2n + 1)3n(n - 1)3 + (n + 1)3(2n - 1)3 - (n - 1)3(n + 1)3. 
Let b, = (n + 1)li3, a, = l/n(n + l), g(u) = u1j3, and f(v) = u5i3. Then all conditions 
of Theorem 2 are satisfied, and hence, every solution of the above system either oscillates or 
liminf,,, lynl = 0, as n -+ 00. In fact, 
2, = (-l)“$ Yn = (-l)n+l( ;J;;l$4) 
is such a solution. 
REMARK 2. Theorem 2 is discrete Belohorec’s theorem [9]. 
In the following, we will give an oscillation theorem for the system (l), where {a,} is not 
required eventually nonnegative. 
THEOREM 3. Suppose (HI)-(H3) hold. Suppose further that 
(i) {a,} can assume both positive and negative values; 
(ii) liminf,,*, lg(u)[ # 0; 
(iii) there exist nonnegative functions fi such that f(u) - f(u) = fi(u, W)(U - w), for IL, w # 0; 
and 
(iv) limn+oo CE,,, b, = limn+m Cy=“=,,, a, = co. 
Then every solution of (1) either oscillates or liminf,,, 1~~1 = 0. 
PROOF. Suppose {(x,, yn)} is a nonoscillatory solution of (l), and lim infndoo 1~~1 > 0. Since 
{b,} has a positive subsequence by (iv), we infer from Lemma 1 that (2,) is nonoscillatory. 
Without loss of generality, we may assume that zz:, > 0 for all n 2 no. By (iv), (H2), and 
lim infn+oo 1~~~1 > 0, the conditions of Lemma 2 are satisfied for all n 2 m > no, and by 
Lemma 2, 
Yn I -P.fch), for all n 2 m. 
From (ii), we have 
Then, by (iv), 
S(Yn) 5 y 
n 
y;=w+ )g(yn) = k < 0. 
n-1 n-1 
c h&/s) I k c b, -+ -co. 
s=Tll *=77Z 
(11) 
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Summing the f&t equation in (1) gives 
n-1 x,-x5,= c bsg(ys). 
Now (11) and (12) imply that xn -+ --oo as n + 00, which is a contradiction. This completes 
the proof of our theorem. 
REMARK 3. Theorem 3 improves Theorem 1 of Li and Cheng [5] by dropping the condition that 
g(w) is a nondecreasing function. 
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